IEEE TRANSACTIONS ON SOFTWARE ENGINEERING, VOL. SE-13, NO. 10, OCTOBER 1987

1127

Isomorphisms Between Petri Nets and Dataflow
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Abstract—Dataflow graphs are a generalized model of computation.
Uninterpreted dataflow graphs with nondeterminism resolved via
probabilities are shown to be isomorphic to a class of Petri nets known
as free choice nets. Petri net analysis methods are readily available in
the literature and this result makes those methods accessible to data-
flow research. Nevertheless, combinatorial explosion can render Petri
net analysis inoperative. Using a previously known technique for de-
composing free choice nets into smaller components, it is demonstrated
that, in principle, it is possible to determine aspects of the overall be-
havior from the particular behavior of components.

Index Terms—Dataflow graphs, free choice nets, isomorphism, per-
formance analysis, timed Petri nets.

I. INTRODUCTION

NCREASING interest in dataflow architectures derives

in part from the quest for large improvements in per-
formance through parallelism. This interest has given im-
petus to the development of new representation methods
and languages for parallel algorithms. Our interest is in
“the dataflow graph and its potential to represent any com-
putational structure including computer architectures. The
inherent ability of these graphs to represent the natural
parallelism in high performance architectures has been
noted by others [4], [9], [19].

The chief advantages of dataflow graphs as a compu-
tational schema are their compactness and amenability to
direct interpretation. That is, the translation from the con-
ceived system to a dataflow graph is straightforward and,
once accomplished, it is equally straightforward to deter-
mine by inspection which aspects of the system are rep-
resented [7], [8]. Unfortunately, the analysis techniques
for dataflow graphs are not yet well developed.

It may be possible to develop analytical methods for
dataflow graph models independent of Petri nets. How-
ever, the homomorphism presented in this paper imme-
diately makes available the vast amount of theory devel-
oped with Petri nets to the analysis of dataflow models.
Certain abstract properties of Petri nets such as liveness
and boundedness have immediate relevance in any gen-

Manuscript received April 30, 1985; revised July 31, 1986. This work
was supported in part by NASA-Ames Research Center under Contract
NAG 2-273.

K. M. Kavi is with the Department of Computer Science Engineering,
University of Texas at Arlington, Arlington, TX 76019.

B. P. Buckles is with the Department of Computer Science, Tulane Uni-
versity, New Orleans, LA 70118.

U. N. Bhat is with the Department of Statistics, Southern Methodist
University, Dallas, TX 75275.

IEEE Log Number 8716571.

eral computational schema including dataflow graphs.
Other properties such as comparative firing frequencies
assume relevance with respect to the semantics of the sys-
tem being modeled. Thus it is clearly of benefit to estab-
lish the correspondence between dataflow graphs and Petri
nets in order to combine the representational ease of one
with the analysis power of the second.

Dataflow graphs can be used to model parallel proces-
sors [4], [7], [8], [19]. Performance analysis of computer
architectures represented as dataflow graphs via Petri nets
(more precisely, timed Petri nets) is a goal of this work.
The dataflow graphs considered are known as uninter-
preted, i.e., the semantics of the data tokens are removed.
The nondeterminism introduced is represented by the as-
signment of probability mass functions to decision points.
For those graphs representable in Petri net form, proper-
ties such as those mentioned above can be analyzed. In
addition, properties dealing with time can be evaluated.

II. DATAFLOW GRAPHS AND PETRI NETS
Formalized treatment of Petri nets is common in the
literature [2], [10], [14], [15], [17] and will be dealt with
briefly.
Definition 1: A Petri net is a quintuple
PN = <P, T, D, MP,, MP, >

where
P={pi,ps """ ,Pu}, asetof places.
T={t,t, ", 1.}, aset of transitions.

Dc {P X T} U{T X P}, aset of directed arcs.
MP, is a given initial marking.
MP, is a set of terminal markings.

Here we are chiefly interested in extensions to the basic
model that incorporate concepts of time.

Timing information has been incorporated in three
ways. Sifakis and others [3], [18] associated a nonnega-
tive constant b, with each place having the semantics that
an arriving token was ‘‘unavailable’’ until it had been in
the place for a time interval of length b. The two other
methods attach timing information directly to transitions.
One may associate with a transition a nonnegative con-
stant (timed Petri nets [10], [17], [20]) or a probability
distribution (stochastic Petri nets [1], [5], [11], [12]). The
first case is equivalent to assigning time values to places
[18]. In either case, the principal problem to be resolved
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is when to begin the firing epoch—upon arrival of the first
token or the instant a transition is enabled. One need also
consider whether a second or subsequent epoch can begin
while one is in progress.

A second problem to resolve is firing conflicts. Those
models that depend on fixed firing time generally assign
a probability over the marking space from the current to
next marking [20]. Stochastic Petri net models generally
use the firing rate (based on random firing times) to de-
termine the next marking from the current one [1], [11],
[12]. A difficulty arises if one allows some transitions to
have zero firing time. The probability that such transitions
will fire once enabled approaches one. The solution is to
augment the firing rates with transition probabilities as is
done in timed Petri nets. Several investigators have noted
the direct correspondence between Petri nets with timing
information and Markov processes [11], [12], [20]. In this
work, timed Petri nets are employed.

Definition 2: A timed Petri net is the pair

TPN = <¢, f>
where

¢ isa PN.
f:T— {R* U {0}}, a firing time function.

In addition to analyzing the time properties of nets, a
goal of this research is the determination of the overall
behavior of a system by the inspection of properties of
components. Hack [6] first demonstrated necessary and
sufficient conditions for liveness and safeness of a sub-
class of Petri nets important to this work. Ramchandani
[16] achieved related results for general nets in the more
formal context of solutions to Diophantine equations de-
rived from the connectivity of the net. Solutions to the
equations results in subnets (more precisely, T-subnets or
P-subnets) whose structure is that of a marked graph or
state machine under some circumstances. Ramamoorthy
and Ho [17] developed techniques for cycle time com-
putations for such subnets and Magott [10] transformed
the method to a solution of a linear program. We have
extended this work by showing how the mean time be-
tween events of a net composed of marked graph com-
ponents can be obtained. Coolahan and Roussopoulos [3]
have also developed statistical measures of transition fir-
ing frequencies and these are adaptable to our model.
Datta and Ghosh [2] developed a labeling method that
guarantees liveness for nets with transitions of in-degree
(and out-degree) at most two (2).

A formal treatment of dataflow graphs has been lacking
in the literature due to the purpose that other investiga-
tors have used them. Due to the nature of our study and
the need to demonstrate homomorphic structures between
the dataflow and Petri net models, a formal definition has
been developed [8]. The following reviews those results.

Definition 3: A dataflow graph is a labeled bipartite
graph where the two types of nodes are called actors and
links.

DFG = <AUL,E, S, T g>
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where
A= {a,a, - ,a,},asetof actors.
L={l,L, ---,1,}, aset of links.

Ec (AXL)U (L X A), aset of edges such that (a;,
Lk)YeEN(a, ;) eE=>a =a;and (|, ;) €
EN(,q) € E=> 1 =1I,.

S={leL|(a,l)¢Eforanyae A}, anonempty set
of links called the starting set.

T={leL|(l,a) ¢ Eforany a € A}, a nonempty set
of links called the terminating set.

g=A—- {R" U {0}}, a firing time function.

Fig. 1 illustrates an uninterpreted dataflow graph. (By
‘“‘uninterpreted’’ it is meant that specific semantics are not
given to data tokens or actors.) While links are implicitly
present in traditional DFG’s, they are not always explic-
itly displayed as is done here. Note that each link has at
most one input and at most one output. Meeting this re-
striction may require the introduction of dummy actors
(e.g., to duplicate an input token on several output links).

LetI(a),ae A(I(l),leL)and O(a),ae A(O(l),
[ € L) denote the sets of input and output links (actors)
of actor a (link /), respectively. |7(a)| and | O(a) | must
be nonzero for each actor while | 7(/)| and | O(1)| are at
most one. The notation is directly extended to the places
and transitions of Petri nets. However, there are no car-
dinality constraints on the sets denoted.

A marking of a dataflow graph denotes the presence of
absence of tokens in links. A marking is a function M:L
- {0, 1, ---, k}. When M (or MP for Petri nets) is
used it means the vector

<M(ll)’ M(IZ)’ T, M(lm)>

A marking is distinguished as an initial marking (terminal

marking) if M(l) # 0 > e S(M(l) # 0> 1eT).
Associated with each actor are an input and output fir-

ing set denoting which links enable the actor and which

receive tokens when the actor fires. These sets are de-

noted F; and F,, respectively.

Fi(a, M) < I(a)
Fy(a, M) € O(a)

Dataflow graphs exhibit special arcs called control arcs
whose purpose is to affect the flow of data at decision
points. These do not exist in uninterpreted dataflow graphs
used here but a probability mass function over the pow-
erset of O(a) serves the same purpose.

An actor a is enabled in marking M if M(l) # O for
each /e F\(a, M). The firing of an enabled actor a results
in a new marking indicated by M S M.

M =M- <I(a)> + <O0(a)>

This can be generalized to a firing sequence o denoted M
— M, where

al a2 a3 ap
M_’Ml_’Mz_’"'”"Mp.
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